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BEST POSSIBLE LOWER BOUNDS ON THE COEFFICIENTS OF 

EHRHART POLYNOMIALS 

AKIYOSHI TSUCHIYA 


Abstract. For an integral convex polytope V C R d , we recall L-p(n) = \nVnZ d \ 
the Ehrhart polynomial of V. Let g r (P) be the rth coefficients of L-p(n) for r = 
0,..., d. Martin Henk and Makoto Tagami gave lower bounds on the coefficients 
g r (V) in terms of the volume of V. They proved that these bounds are best 
possible for r € {1,2 ,d — 2}. We show that these bounds are also optimal for 
r = 3 and d — r even and we give a new best possible bound for r = d — 3. 


INTRODUCTION 

Let V C R d be an integral convex polytope, that is, a convex polytope whose 
vertices have integer coordinates, of dimension d. Given integers n = 1,2,..., 
we write L-p(n) for the number of integer points belonging to nP, where nV = 
{na : a E V}. In other words, 

L v {n) = |nV D Z d |, n — 1,2,.... 

In the late 1950s, Ehrhart succeeded in proving that L-p(n) is a polynomial in n 
of degree d. We call L-p(n) the Ehrhart polynomial of V. We refer the readers to 
PM for an introduction to the theory of Ehrhart polynomials. For r = 0,..., d, 
let g r (V) be the rth coefficient of L-p(n). The following properties are known: 

(i) 9o = l; 

(ii) 9d(V) = vol(P); 

(iii) 9d-i(V) = \ 

z T fa 

where vol(-) denotes the usual volume and voU-i(') denotes (d — l)-dimensional 
volume, and det(affj r fl Z d ) denotes the determinant of the (d — l)-dimensional 
sublattice contained in the affine hull of T. All other coefficients g r (V), 1 < r < 
d — 2, have no such known explicit geometric meaning, except for special classes of 
polytopes. 

In [2], Theorem 6] Ulrich Betke and Peter McMullen proved the following upper 
bounds on the coefficients g r (V) in terms of the volume: 

9r(V) < (—l) d_r stirl(d, r)vol(T’) + (_i)d-r-rfM^±3) l < r < d - 1, 

{d ~ 1)! 


E 


vold-^J 7 ) 
of -p det(affj r D Z d ) 


(P Theorem 5.6]); 
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where stirl(d, i) denote the Striling numbers of the first kind which can be defined 
via the identity n^=o ( z ~ *) — Yli =1 stirl(d, i) z l . 

For an integer % and a variable z we consider the polynomial of degree d. 

Ci(z ) = (z + i)(z + i - 1) • • • (z + i — (d - 1)) = d\ 

and we denote its rth coefficient by C d tl 0 < r < d. For instance, C di = 1, and for 
0 < i < d — lwe have C d i = 0. For d > 3 we set 

M r _ d = min{C'^j : 1 < i < d — 2}. 

In |D, Theorem 1.1] Martin Henk and Makoto Tagarni proved the following lower 
bounds on the coefficients g r {V) in terms of the volume: 

(0.1) g r (V) > 1 ((—l) d_r stirl(d + 1,r + 1) + (d!v o\{V) - 1 )M r>d ) , l<r<d-l. 

In general, these bounds are not best possible. However, it is known that in the 
cases r e {1, 2, d — 2}, they are best possible for any volume. 

In Section 1, we show that in the case r = 3 and in the cases d — r is even, 
these bounds are best possible. In Section 2, we give the following lower bound on 

g d --m, 

gd- 3 (V) > i (—stirl(d + 1, d - 2) + (d\vo\(V) - l)N d _ 34 ), 

where Nj -34 = min i : \(d — l)/2] < i < d — 2} . I 11 particular, we show the 

bound is best possible and N d _ 3td > M d _ 3jd , i.e., Henk and Tagami’s bound on 
g d - 3 (V) is not best possible. 



1. The cases r = 3 or d - r is even 


Let V C be an integral convex polytope of dimension d, and let dV denote 
the boundary of V. The generating function of the integral point enumerator, i.e., 
the formal power series 

OO 

Ehr-p(f) = 1 + L-p(n)t n 

n= 1 

is called the Ehrhart series of V. Since L-p(n) is a polynomial of degree d, by a 
routine argument, it follows that the Ehrhart series of V can be expressed as a 
rational function of the form 


Ehr-p(f) 


^0 T + ■ ■ ■ + d d t d 
(1 — t) d+l 


The sequence of the coefficients of the polynomial in the numerator 


5(V) = (5 0 ,S 1 ,...,S d ) 


is called the 5-vector of V. 

The 5-vector has the following properties: 

(i) 5 0 = 1, 5i = \P n Z d \ ~(d+ 1) and 8 d = \{V \ dV) n Z d |. Hence, 5i > 8 d ; 

(ii) Each Si is nonnegative ([8J); 
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(iii) If 5 d 7 ^ 0, then one has 5\ < 5i for every 1 < i < d — 1 ((§]); 

(iv) The leading coefficient (Ylt=o dj)/d! °f C v(j l ) is equal to the usual volume of 
V, i.e., d\vol(V) = Y2i=o$i (ID Corollary 3.20, 3.21]): 

There are two well-known inequalities on d-vectors. Let s = max {?' : Si ^ 0}. One 
inequality is 

(1.1) do + ^1 + ' ' ' + < &s + $s-l + • • • + 5 S -ii 0 < i < \_s/ 2 \, 

which was proved by Stanley pj, and another one is 

(1-2) 5 d + Sd ~i + • • • + Sd-i < hi + 62 + • • • + <5i+i, 0 < i < [(d — l)/2j, 

which appears in the work of Hibi [ 6 J Remark 1.4]. Also, there are more recent and 
more general results on h-vectors by Alan Stapledon in ma- 

We can express the coefficients g r (V) of the Ehrhart polynomial L-p{n ) by using 
the h-vector S(V) ([1, Proof of Theorem 1 . 1 ]). I 11 fact, 

1 d 

i =0 

We repeatedly use the following lemmas in this paper. 

Lemma 1.1 ([7] Theorem 1.1]). Let m,d,k € Z>o be arbitrary positive integers 
satisfying m > 1, d > 2 and 1 < k < [(d + 1)/2J. Then there exists an integral 
convex polytope V of dimension d such that do = 1 , 5k = m and for each i ^ { 0 , k}, 
5i = 0, where we let 5(V) = (do, ■ ■ ■, d<f) be the 5-vector ofV. 

Lemma 1.2 ([J, Lemma 2.2]). Cf t = (—1 ) d_r C^ d _ 1 _ i for 0 < i < d — 1. 

First, we show that in the case r = 3 the bound (0.1) is best possible for any 
volume. In fact, 

Theorem 1.3. Let d be an integer with d > 6 and let V be an integral convex 
polytope of dimension d. Then 

\ +1,4) + (dho\(V) - 1 )C{ d _ z ) , 6 < d < 9 , 

S 3 (V) > { f 

l ~d\ lstirl (d + 1 , 4) + (dWol(V) - l)Ct d _ 2 ) , d > 10 , 

and the bound is best possible for any volume. 

In order to prove Theorem 11.31 we use the following lemma. 

Lemma 1.4. 

_/Ct- 3 , 6 < d < 9, 

’ \ Cl d _ 2l d > 10. 

Proof. For 1 < k < [(d + 1)/2J — 1, we set 

fk(z) — (z + k)(z + k - 1 ) • ■ ■ (z + 1 )z(z — 1 ) ■ • • (z — k + 1 )(z - k), 

gk(z) = (z — k — l)(z — k — 2 ) • • • (z + k — d + 2 )(z + k — d + 1 ). 
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Then Ck(z) = fk(z)gk(z). Also, for 1 < k < [(d + 1)/2J — 2, we set 

/& = {i G Z : k+l<i<d,— k — 1}. 

We assume that d > 19. If 1 < k < |_(d + 1)/2J — 2, then 


fk(z) = (-1 ) k (k\) 2 z + (-l) fc l {k\) 2 + u PP er terms, 


1 <i<k 


9k(z) =(-l) 


d _2fc-i(^ & !)• , , ^d-2k (d - k - 1)! ^ 1_ 


k\ 


+(-ir* '“ t, — Y.? 

i£lk 

, , d_2fc—l ^ !)• V - '' 1 2 

+ (—l) d -—- 2_^ —z 1 + upper terms. 

{i,j}ci k ^ 


Hence for 1 < k < [(d + 1)/2J — 1, 


ci t = (-ir^k\(d-k-iy.( y. i-EH- 

\{i,j}Cl k J 1 <i<k ) 

We show that for 2 < k < |_( d+ 1)/2J — 1, |C^-J > \Cf k \. Since Yh 7] 

{i,j}Ch 

we have |(7f J = (d — 2)!( Y -4 — 1). Hence since (d — 2)! > k\(d — k - 

13 

d > 19, we have 


and 


( rf - 2 ) ! l E A-i) +M(d-fc-i)! ( e rr E ? 

K {i,j}Ch J / \{i,j}Cl k J 1 <i<k 

x«- 2 )'( E l- 1 - E t* 

\{i,j}Ch J l<i<oo 

=«-*)'( E i-l-T 






> 0 , 


< rf - 2 > ! l E 1-1 *-D! E £-E? 


>(<1 — 2 )! | X 1 - 1 - E 1 

{*j}c4 


-1 > 0 , 
- 1)! and 


>0. 
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Therefore, since |C'| 1 | + Cf k > 0 and | Cf x \ — Cf k > 0, we have |(7f-J > \Cf k \. Thus, 
since C$ , > 0, by Lemma [1721 we have M :id = C| d _ 2 . 

Finally, for 6 < d < 18 and for 1 < k < d — 2, by computing k , we have 


as desired. 


M3 4 — 


Cl d - 3 , 6<d<9, 
C(„ 10 < rf < 18, 


□ 


Now, we prove Theorem 11.31 


Proof of Theorem \1.3\ . We set 


jd 


2, 6 < d < 9, 
1 , cl >10. 


Then by Lemma 11.41 we have M 3)d = C^ d _ 1 _ jd . Since j d + 1 < |_(d + 1)/2J, by 
Lemma 11.11 for any volume, there exists an integral convex polytope V such that 
ho = 1 and Sj d+ 1 = d\vol(V) — 1 and for each i f {0 ,j d + 1 }, h* = 0 , where we let 
5(V) = (ho,... ,5 d ) be the h-vector of V. Hence since Cf d = (—l) d_ 1 stirl(d + 1,4), 
we have 

d 

d>MP) 

i =0 

= (—l) d-1 stirl(d + 1,4) + (d!vol(7>) - l)C{ d _ x _ jd 
= (—l) d_1 stirl(d + 1,4) + (d!v o\(fP) - 1 )M 3)d , 
as desired. □ 


Next, we show that in the cases that d — r is even, the bounds (0.1) are best 
possible for any volume. In fact, 


Theorem 1.5. Let d and r be integers with d > 6 and 3 < r < d — 3, and let 
V C be an integral convex polytope of dimension d. Suppose that d — r is even. 
Then 

9r(V) > — (stirl(d + 1 , r + 1 ) + (d!v ol(V) - 1 )M r>d ), 
and the bound is best possible for any volume. 


Proof. We let i be an integer with 1 < i < d — 2 such that Cf t = M T)d . Since d — r is 
even, by Lemma fL2l we have We set j := max{i, d — i — 1}. Then 

1 < d — j < [ {d + 1)/2J. Hence by Lemma 1 1.11 for any volume, there exists an 
integral convex polytope V such that h 0 = 1 and h^_j = dlvol^) — 1 and for each 

i ^ {0, d — j}, Si = 0. Therefore, since Cf d = stirl(d + 1, r + 1), we have 

d\g r {V) = stirl(d + 1, r + 1) + (d!v o\(V) - 1 )C^ 

= stirl(d + 1, r + 1) + (d\vol(V) — 1 )M Vtd , 


□ 


as desired. 
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2. A NEW LOWER BOUND ON g d _ 3 (V) 

We assume that d > 7 and r = d — 3. Then since d — r is odd and r > 4, it is not 
known whether the bound (0.1) on g d _ 3 (fP) is best possible for any volume. In this 
section, we give a new lower bound on g d _ 3 {V). In particular, we show the bound 
is best possible, i.e., the bound (0.1) on g d _ 3 {V) is not best possible. 

We set 

N d- 3 ,d = min {C d _ 3l : [(d- l)/2] < i < d - 2} . 

Then N d _ 34 > M d _ 34 . 

In the following theorem, we give a new lower bound on g d _ 3 {V). 

Theorem 2.1. Let d be an integer with d > 7 and V an integral convex polytope of 
dimension d. Then 

gdsi'P) > -77 (—stirl(d + 1 , d - 2) + (d\vol(V) - 1 )N d _ 34 ), 
dl 

and the bound is best possible for any volume. In particular, M d _ 3td < N d _ 3td . 

In order to prove Theorem 12.11 we use the following lemma. 

Lemma 2.2. For 0 < k < [(d + 1)/2J - 2, if C d d _ 3>k < 0, then C d _ 3 k+l > C d d _ 3 k , 
and ifC$_ 3jk > 0, then Cf_ 3tk+1 > 0. 

Before proving Lemma 12.21 we show the following lemma. 

Lemma 2.3. Let x, y G Z and y > 0. Then 



Proof. By using induction on y , it immediately follows. □ 

Now, we prove Lemma 12.21 

Proof of LemmaKR We let fk(z), gk{z) and h be as in the proof of Lemma [T~4l 
If 1 < k < [(d + 1 )/ 2 J — 3, then 

f k (z) =z 2k+1 - ^ fz 2 ^ 1 + lower terms, 

1 <i<k 

g k (z) =z d ~ 2k ~ 1 - y ^iz d ~ 2k ~ 2 + ijz d ~ 2k ~ 3 — ^ ijlz d ~ 2k ~ 4 + lower terms. 

Hence for 1 < k < [(d + 1)/2J — 1, 

C d-3,k = - ^ l+ (52 i2 ] • fe*) • 
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Since C^_ 3 0 = - Efeyjc/o V 1 < 0 and J i c J o> we have ^- 3,1 - C d-s,o > Hence 
we should show the cases 1 < k < |_( d + 1)/2J — 2. 

First, we show the cases d is even. If k — |_(d + l)/2j — 1, then C$_ 3k > 0. 
Hence we should show the cases 1 < k < |_(d + 1)/2J — 3. We set x = d/2 and for 
1 < k < \_(d + 1)/2J — 2, we set Jk = {i G Z : — x + k + l<i<x — k — 1}. For 
1 < k < |_(d + l)/2j — 2, by Lemma [2.31 we have 


s~id 

^d-3,k 


- ( x+i ) ( x +j)( x+l ) + f J2 i2 J ■ (Em 

{i,j,l}GJ k \1 <i<k / \iel k / 


d - 2k - 1 


X 


d — 2k 


x + 


k(k + l)(2fc + 1) d(d — 2 k — 1) 


3 ; \ A J J 6 2 

(d — 2)(d — 1 )d{d -2k- 1)(4 k 2 - Adk + 4 k + d 2 - 3d) 

48 ' 


If _ Vd+T-d+i < k < W+I+rf-i ; then 4 p _ + 4fc + _ 3d < 0 and hence 

Ca- 3 , fc > 0, and if 1 < k < - ' /1 + I 2 d+1 , then <^- 3 ,* < Therefore, if C^_ 3fc > 0, 
we have C$_ 3k+1 >0. If 1 < k < — v^+T-d+ i and 1 < k < |_(d + 1)/2J — 3, then 

Cd- 3,fc < 0 and 


_ (d - 2)(d - l)d(12k 2 - 12 dk + 24 k + 3d 2 - 13 d + 12) 

^d— 3,fc+l ^d—3,k 2 4 

Since 1 < k < - Vm=d±l < 3d—6—y/3d ^ we have C 'd_ 3)fc+1 _ (7d_ 3jfc > 0 . 

Next, we show the cases d is odd. If k = (d + l)/2 — 1 or k — (d + l)/2 — 2, then 
C c a [_ 3 k > 0. Hence we should show the cases 1 < < (d + l)/2 — 4. We set y = (d + 

l)/2 and for 1 < k < (d+l)/2—3, we set L\~ — {i G Z : — y + k + 2 < i < y — k — 2} 
For 1 < k < (d + l)/2 — 3, by Lemma [2731 we have 

c d~3,k = - J2 ( 2 / + (y + j) (y + l ) + ( M ' (X/J 

{i,j,l}<ZL k U{—y+k+l} \l<i<k ) Vie4 / 

= -(k + i) ^2 (y + i )(y + j)~ (y + i )(y+j)(y + l ) 

+ (£•*)• 

\1 <i<k / Vie 4 

(d — 2)(d — l)d(d — 2k — l)(4fc 2 — 4d/c + 4/c + d 2 — 3d) 

= 48 ' 

Thus it follows by the same argument, as desired. □ 


Finally, we prove Theorem 12.11 
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Proof of Theorem \2. 1\ Let S(V) = (do, • • •, d d ) be the 5 -vector of V. We assume that 
d is even. Then by Lemma 11.21 we have 


d\g,i-AV) =ci_ 34 + YA- 


d 

d—3,d—i 


i =1 
#-i 


=c d 


d—Z,d +E Eft - td- 1 +l )(CU,d-i - Cl^-i-l) 

i =1 \j =1 


YA - 

1= 1 


d-3,|‘ 


By Lemmas 11.21 and 12.21 we have N d _ 3)d < 0 and there exists an integer t such that 
for d/2 < i < t, Cf_ 3i < 0, and for t + 1 < i < d — 1, Cf_ 3i — C/ l _ :il _ l > 0. Hence 
by the inequality (1.2), we have 


-i 


d'.g d - 3 m>C d d _ 34 + Y 

i=d—t \1=1 


YA - )C 


1=1 


d-3,| 


d—t 


=ct m+Ya - ^-j+ociw + EE w - ^-*+i)c 


d 

d—3,d—i‘ 


.7=1 


i=d— 1+1 


If for d — t + 1 < z < d/2, <5j — dd-j+i — 0; then since < 0, we have 

(5i - 5 d -i+i)C d _ 3d _ t > 0. Also, if for d - t + 1 < i < d/2, S t - 5 d -i +1 > 0, then 
(5i - d d _ i+ i)C'rf_ 3id _ i > (d* - dd-i+i) Ad- 3 ,d- Hence since C$_ 3d = -stirl(d + 1, d - 2) 
and N d _ 3 d < 0, by the inequality (1.2), we have 


d—t 


d ] -g d -3(/P) > C- d _:i. d + ^(dj — 8d-j+i)N d - 3 , d + - d d _ i+1 )7V ( 


d—3,d 


1=1 


ie/' 


> —stirl(d + 1, d — 2) + djlVc 


d—3,d 


i=l 


= —stirl(d + 1, d - 2) + (d!vol("P) - l)N d _ 3>d , 


where /' = {* 6 Z : d — t + 1 < i < d/2, Si — 5 d -i+ 1 > 0}. 







Next, we assume that d is odd. Then by Lemma [1.21 we have 


d\g d - s(V) = 5>C; 


d 

d—3,d—i 


i =0 


ri+1 


-2 


=C 




d _ /~id \ 

d—3,d—i ^ d—3,d—i— 1 ) 


i=l \j =1 


d+l _i 

2 


3 = 1 

Hence it follows by the same argument. 

By Lemma fl.il it follows that this bound is best possible. 

Finally, we show that M d ~34 < N d - 3 ,d- In particular, we show that C $_ 3 , < 
N d - 3 ,d- For 2 < k < [(d + 1)/2J - 3, 

ntd | nd (d — 2)(d — l)d(d — k — 2)(4fc 2 — 2dk — 2k + d 2 — 5d + 6) n 

Cd- 3,1 + C d - 3 ,k — 24 < 

Also, if d is odd and k — (d+ l)/2 — 2, then C$_ 3 , + C%_ 3k < 0, and if d is odd and 
k = (d + l)/2 — 1, then 


s~id I /^id _ 

3,1 ^d-3,k ~ 


{d -3 )(d- 2)(d - 1 )d(d 2 - 7d + 8) 
48 


< 0 , 


and if d is odd even k = d/2 — 2, then 

w , r* _ (d - 2 )<f-(d -l)(d 2 -10<i + 26) 


/^ia 1 

°d-3,l °rf—3,/c 


48 


< 0. 


Hence by Lemmas 11.21 and 12.21 we have Cf _ 3 , < Nd- 34 , as desired. 
For d > 3 we set 

N r}d = min {Cf^ : \(d — 1)/2~| < i < d — 2} . 
We recall the following lemma. 


□ 


Lemma 2.4 ([U Proposition 2.1]). Let d > 3. Then 

(i) M m = c d lA _ 2 , 

(ii) M 24 = ^ 24 - 2 ’ 

(iii) M d - 2 ,d = C d - 2 ,\^ly 

If r e {1, 2, 3, d — 3, d — 2} or d — r is even, then by this lemma and by the results 
so far, we have M r ^ d = + r y- Hence we immediately have the following corollary. 

Corollary 2.5. Let V C R d , d> 3. Assume that r e {1, 2, 3, d — 3, d — 2} or d — r 
is even. Then we have 

9 r {V) > ^ ((-l) d ~ r stirl(d + l,r + 1) + (d!v o\{V) - l)N r4 ) , 

and the bound is best possible for any volume. 
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Then the following conjecture naturally occurs: 

Conjecture 2.6. Let V C M d , d > 3. Then for r = 1,. .., d — 2 

0r(P) > ((-l) d_r stirl(d + l,r + 1) + (d!vol(P) - l)dV r>d ) , 
and the bounds are best possible for any volume. 

We set the sequence C T)d = (C^r^i-p ■ ■ ■, Cf d _f). As we see in the proof of Theo- 

rem 12.11 in order to solve Conjecture 12.61 it seems efficient to study the properties 
of the sequence C rd . The following proposition may be important to solve this 
conjecture. 

Proposition 2.7. Let V C M d , d > 3. Assume that d — r is odd and the se¬ 
quence C Ty d satisfies the following condition: There exists an integer t with \(d — 
l)/2] + 1 < t < d — 1 such that > Cf i _ x for t < i < d — 1 and N r ^ d = 
min {C'A : |~(d — l)/2] < i < t — l} = min { —|Cy'J : \(d — l)/2] <i <t— l}. Then 
we have 

9r{V) > ^ ((-l) d_r stirl(d + l,r + 1) + (dlvol('P) - 1 )N r4 ) . 

And the bound is best possible for any volume. 

Proof. If 5d-i~Si- i-i < 0 for \(d— l)/2j < i < t — 1, then since N T)d < — Cf i: we have 
(5 d _i-5 i+1 )Cf ti > (, 5 d -i-6 i+ i)N r>d ■ Also, if^-^+i > 0 for [(d-l)/2] < i < t- 1, 
then since N rtd < Cf ;p we have ( 5 d -i ~ 5m )C* > - S i+ i)N rtd . Hence since 

N r , d < 0, by the same argument of the proof of Theorem 12.11 we have 

9r(V) > — ((-l) d ^ r stirl(d + 1, r + 1) + (d\ vol(P) - 1) N r<d ) . 

By Lemma 11.11 the bound is best possible for any volume. □ 

In lower dimensions, by computing C r ^ d we can know whether C T)d satisfies the 
condition of Proposition 12.71 In fact, we know from computational experiment that 
for d < 1000, Cr td satisfies the condition. Hence by results of this paper, in particular, 
by Theorem 11.51 the statement of Conjecture 12.61 holds for d < 1000. 
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